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Resonant light interacting with matter can support different phases of a polarizable medium, and
optical bistability where two such phases coexist. Here we identify signatures of optical phase tran-
sitions and optical bistability mapped onto scattered light in planar arrays of cold atoms. Methods
on how to explore such systems in superradiant, and extreme subradiant states existing outside the
light cone, are proposed. The cooperativity threshold and intensity regimes for the intrinsic optical
bistability, supported by resonant dipole-dipole interactions alone, are derived in several cases of
interest analytically. Subradiant states require lower intensities, but stronger cooperativity for the
existence of non-trivial phases than superradiant states. The transmitted light reveals the onset of
phase transitions and bistability that are predicted by mean-field theory as large jumps in coher-
ent and incoherent signals and hysteresis. In the quantum solution, traces of phase transitions are
identified in enhanced quantum fluctuations of excited level populations.
I. INTRODUCTION
Resonant emitters in regular planar arrays have at-
tracted considerable attention from classical circuit res-
onators forming metamaterials [1] and metasurfaces [2]
to plasmonics [3] and quantum systems, such as super-
conducting SQUID rings [4] and cold atoms [5]. Such sur-
faces can be utilised for manipulation of electromagnetic
fields, including phase-holography [6] and sensing [7]. In
systems where the radiative interactions between closely-
spaced emitters are particularly strong, the entire ar-
ray has been driven to a giant subradiant state [5, 8].
In arrays of closely-spaced cold atoms, the strong light-
mediated dipole-dipole interactions arise naturally, as
atoms do not absorb light, their resonances are well
defined, and the atoms can respond to light quantum-
mechanically. Atomic arrays have been proposed as con-
stituents of metamaterials [9], for quantum information
processing [10–12], atomic clocks [13–15], emission of
nonclassical light [16–18] and entanglement [19–21], and
a way to realise topological phases [22, 23].
Most experiments on collective optical responses of
cold atoms so far, in both random atomic ensembles [24–
35] and in arrays [5] and chains [36] with unit occupancy,
have focused on the limit of low light intensity (LLI),
where the full quantum model can, under appropriate
conditions, be reduced to a linear system of N harmonic
oscillators [37]. Beyond the LLI regime with multiple
excitations, atomic arrays start experiencing saturation,
and the rich phenomenology of long-range interactions
and collective behaviour can lead to the full many-body
quantum solutions deviating from the semiclassical mod-
els that neglect quantum fluctuations [20]. The differ-
ences between quantum and classical solutions in nonlin-
ear systems are widely studied in the context of phase
transitions, and in optics, one of the best-known phase
transitions is optical bistability [38] in atomic systems.
Optical bistability and phase transitions have been
actively studied in systems without the spatial correla-
tions and structure of the sample [39–47], e.g., in cavities
where the feedback mechanism is provided by the cavity
mirrors [48–50]. Intrinsic bistability is a process where
phase transitions are generated by the self-interactions of
the sample, and despite having been observed in highly-
excited Rydberg atoms in the microwave regime [51],
intrinsic bistability was for a long time considered un-
achievable for atoms with light-mediated interactions.
Recent theoretical studies that also take into account
the spatial structure of the many-body systems suggest
that intrinsic bistability and phase transitions are more
generic and could occur in a variety of systems with short-
and long-range interactions [52–54].
For optical systems, it is natural to ask what are the
observable signatures of phase transitions and optical
bistability, and how these are mapped onto the scattered
light. In this paper, by studying light emission from
radiatively strongly coupled atoms in planar arrays of
subwavelength spacing, we identify optical signatures of
phase transitions in collective atomic excitations. To do
so, we employ periodic boundary conditions and a mean-
field approximation which closes the spectral gap in the
system, representing a decohered quantum state where
the correlations are absent, and compare our results to
the full quantum model.
We develop a simple analytic theory for an intrinsic
optical bistability due to radiative interactions between
atoms in planar arrays and derive the cooperativity pa-
rameter, indicating a bistability threshold ka < (pi/3)1/2,
with the lattice spacing a and resonance wavenumber
k. We find that multiple mean-field-theoretical sta-
ble phases, including ones with spontaneous symmetry
breaking and persistent oscillations, and optical bista-
bility are identifiable in the transmitted light as large
jumps in coherent and incoherent signals and hysteresis
upon sweeping of the laser frequency. If the correspond-
ing changes in dipole amplitudes are small, the signal
of phase transitions and hysteresis in the coherent trans-
mission is sometimes much weaker than in the incoherent
photon count, which still provides sharp peaks, e.g., when
moving into regions of antiferromagnetic and oscillatory
phases. In the quantum solution, the phase transitions
and bistability are absent, but traces of them are revealed
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2in enhanced quantum fluctuations of incoherently scat-
tered light, and most clearly in those of the excited level
populations.
We find that the response sensitively depends on the
underlying LLI collective excitation eigenmode of the
corresponding linear system that is targeted by incident
light. Bistability can even exist between subradiant and
superradiant modes, providing a method for also prepar-
ing subradiant excitations via a laser frequency sweep.
For subradiant modes, bistabilities occur at lower in-
tensities and the existence of phase transitions requires
smaller lattice spacings, ka . 0.34pi, compared to the one
for a superradiant mode, ka . 0.44pi. We propose meth-
ods on how to drive such eigenmodes by manipulating the
atomic level shifts and consider two examples: a uniform
mode that was recently experimentally studied in sub-
radiant transmission measurements [5], which at smaller
lattice spacings, considered here, becomes superradiant,
and an extreme subradiant checkerboard eigenmode that
can exist outside the light cone, decoupled from the en-
vironment.
II. MODEL
A. Quantum system of atoms and light
We consider a two-level system of cold atoms trapped
in a two-dimensional (2D) array with one atom per
site, illuminated by an incident plane wave E+(r) =
E0eˆ exp(ikz); Fig. 1. We take the polarisation and the
direction of the atomic dipoles to be eˆ = −(xˆ + yˆ)/√2
along the diagonal of the lattice. Light-induced reso-
nant dipole-dipole interactions mediate strong interac-
tions between the atoms. The atomic systems are sub-
ject to periodic boundary conditions to simulate an in-
finite lattice and, for simplicity, we vary the parameters
of only N = 4 atoms in a square array. We also assume
that the atoms are sufficiently tightly confined, such that
the spatial fluctuations can be neglected. The standard
many-body quantum master equation for the atoms in
the rotating-wave approximation for slowly varying am-
plitudes reads [55]
dρˆ
dt
= − i
~
Hˆ − ∑
jl(j 6=l)
~Ωjlσˆ+j σˆ
−
l , ρˆ
+
∑
jl
γjl
(
2σˆ−j ρˆσˆ
+
l − σˆ+l σˆ−j ρˆ− ρˆσˆ+l σˆ−j
)
,
(1)
where the square brackets represent a commutator and
σˆ+j = |e〉jj〈g| = (σˆ−j )† the raising operator, where |e〉j
and |g〉j are the excited and ground state of the two-level
atom on site j, respectively. The dispersive and dissipa-
tive parts of the light-induced dipole-dipole interaction
terms are Ωjl and γjl, respectively (see Appendix A for
Figure 1. A 2D array of atoms illuminated by incident light
and resulting stable phases of atoms as a function of laser
frequency and incident light intensity. Top: Only the central
four atoms (green) are independent, while the remaining array
is obtained by periodic boundary conditions. Bottom: (a)
Uniform (b) alternating profiles of level shifts (the different
phases are explained in the text).
details). The Hamiltonian is given by
Hˆ = −
∑
l
[
deg · E+(rl)σˆ+l + dge · E−(rl)σˆ−l + ~∆lσˆeel
]
,
(2)
where σˆeel = σˆ
+
l σˆ
−
l , ∆l = ω − ω(l)eg is the detuning,
ω = kc the laser frequency, ω
(l)
eg the transition fre-
quency of an atom on site l, and deg the dipole matrix
element, with dge = d
∗
eg. We express the incident
light intensity I = 20c|E0|2 in units of the saturation
intensity, Isat = ~c4pi2γ/3λ3, or the Rabi frequency,
Rl = deg · E+(rl)/~, as I/Isat = 2(R/γ)2, where the
single-atom linewidth γ = |deg|2k3/(6pi0~).
B. Mean-field approximation
In addition to the full quantum many-body dynam-
ics, we also consider the Gutzwiller mean-field approxi-
mation, ρˆ ≈ ⊗ρˆi, where quantum fluctuations between
the atoms are neglected. This corresponds to the factor-
ization of internal level correlations, 〈σˆαi σˆβj 〉 ≈ 〈σˆαi 〉〈σˆβj 〉
(α 6= β), since we assume atoms are at fixed positions
with no spatial fluctuations, and therefore there are no
light-induced correlations [20, 37] between the atoms af-
ter the factorization. The dynamics then obey the non-
3linear equations
ρ˙(l)ge = (i∆l − γ) ρ(l)ge−
i(2ρ(l)ee − 1)
[Rl +∑
j 6=l
(Ωjl + iγjl)ρ
(j)
ge
]
, (3a)
ρ˙(l)ee =− 2γρ(l)ee + 2Im[R∗l ρ(l)ge ]+
2Im
[∑
j 6=l
(Ωjl − iγjl)ρ(l)ge (ρ(j)ge )∗
]
, (3b)
where ρ
(l)
ge = Tr{σˆ−l ρˆ(t)} and ρ(l)ee = Tr{σˆeel ρˆ(t)}. We
will use Eqs. (3) to determine the long-time phases and
optical bistability that can occur in the system.
C. Scattered light
The total light amplitude is the sum of the incident and
scattered fields Eˆ±(r) = E±(r) + Eˆ±s (r), with the scat-
tered electric field given by the sum of the contributions
from all the atoms
0Eˆ
+
s (r) =
∑
l
G(r− rl)dgeσˆ−l , (4)
where G(r−rl) is the dipole radiation kernel [56] [Eq. (13)
in Appendix A]. We will compare the optical responses
obtained from the full quantum dynamics of Eq. (1) with
those calculated from the mean-field equations, Eqs. (3).
We consider coherently transmitted light in the forward
direction, Tcoh = |eˆ · 〈Eˆ−(r)〉|2/ |eˆ · E−(r)|2, expressed in
terms of the optical depth OD = − log(Tcoh). We also
calculate the rate of scattered photons
n =
20c
~ω0
∫
〈Eˆ−s (r) · Eˆ+s (r)〉dS, (5)
where 〈Eˆ−s (r) · Eˆ+s (r)〉 = 〈Eˆ−s (r)〉 · 〈Eˆ+s (r)〉 for the coher-
ent and 〈Eˆ−s (r)·Eˆ+s (r)〉−〈Eˆ−s (r)〉·〈Eˆ+s (r)〉 for the incoher-
ent photon count-rate (ICR) [Eq. (15) in Appendix A].
The ICR that we will use under the mean-field descrip-
tion [Eq. (16) in Appendix A] is different from the usual
semiclassical approximation for the incoherent scatter-
ing. The atom-light dynamics is solved from the mean-
field equations, Eqs. (3), but the single-atom quantum
description of emitted light 〈σˆeel 〉 is now included [20] for
the scattered light, and the ICR no longer vanishes for
atoms at fixed positions [57].
III. OPTICAL SIGNATURES OF PHASE
TRANSITIONS AND BISTABILITY
A. Collective low light intensity eigenmodes
In the limit of LLI, ρ
(l)
ee = 0, and the mean-field equa-
tions, Eqs. (3), coincide with the coupled-dipole model of
classical linear oscillators driven by light. In this regime
we may analyse the optical response using LLI collective
radiative excitation eigenmodes and the complex eigen-
values, which represent the collective line shifts (from
the resonance of an isolated atom) δq and linewidths υq.
Collective modes with υq > γ (υq < γ) are termed su-
perradiant (subradiant). Modes with |q|a > 0.2pi exist
outside the light cone and are completely dark in an in-
finite lattice.
We focus on two LLI eigenmodes (see Appendix B): the
spatially uniform superradiant mode vun(rl) (υuni = 25γ)
and a subradiant mode with a checkerboard-patterned
phase variation with every atom oscillating pi out-of-
phase from its nearest-neighbour vcb(rl) (υcb = 2 ×
10−4γ). To simulate an infinite system, we use periodic
boundary conditions by adding repeat images of the sys-
tem to the boundaries. We truncate to 101 images along
the xˆ and yˆ direction, which gives an effective lattice size
of 406×406, and non-zero linewidth for the checkerboard
mode.
The uniform eigenmode vun directly couples to the nor-
mally incident light of uniform phase profile, resulting in
a broad resonance in the OD, shown in Fig. 2(a). We
show that we can also excite the checkerboard eigenmode
vcb and prepare coherent strongly subradiant excitations
that exist outside the light cone. This can be achieved
by ac Stark shifts [58] of lasers (or microwaves) forming
a checkerboard pattern of atomic level shifts that results
from a standing-wave, cos2[5k(x+y)/
√
2], with the inten-
sity varying along the lattice diagonal xˆ+ yˆ and the in-
tensity maxima separated by
√
2a. Alternating blue- and
red-detuned atomic transitions for adjacent atoms cause
them to oscillate pi out-of-phase, resulting in the excita-
tion of the checkerboard subradiant eigenmode. The rel-
ative angle between the field generating the ac Stark shift
and the lattice can be adjusted to control the periodicity.
An example of an atomic transition particularly suitable
for closely-spaced atoms is 3P0 →3 D1 in 88Sr [59], which
can have a resonance wavelength of λ ' 2.6µm and spac-
ing of 206.4nm, resulting in the effective lattice spacing
a ' 0.08λ.
Figure 2(a) shows how these checkerboard-patterned
alternating level shifts lead to a coupling to the checker-
board subradiant mode, producing a Fano resonance in
the OD at ∆ = 10.8γ, with the corresponding large pop-
ulation of the checkerboard eigenmode at this resonance
[Fig. 2(b)].
B. Analytic results for optical bistability
Classifying the steady states of the mean-field solu-
tions of Eqs. (3) determines the phases that emerge as a
function of detuning and incident intensity. We calculate
the general phase diagram numerically. However, it is
important to understand the collective effects in optical
bistability by first deriving solutions in some special cases
analytically. In order to do so, we consider the uniform
case by substituting ρ
(l)
ge = ρge, ρ
(l)
ee = ρee, and ∆l = ∆
4Figure 2. Preparation of the superradiant and subradiant
LLI modes by uniform and checkerboard atomic level shifts.
(a) OD for uniform (dashed line) and alternating level shifts
of 2γ (solid line). Alternating level shifts give a Fano res-
onance between the uniform and checkerboard eigenmodes.
(b) The corresponding eigemode populations with alternating
level shifts present show the checkerboard subradiant mode
strongly populated at the Fano resonance.
into Eqs. (3). We then obtain the stationary states
ρge = Reff −∆ + iγ
∆2 + γ2 + 2|Reff |2 , (6a)
ρee =
|Reff |2
∆2 + γ2 + 2|Reff |2 , (6b)
where we have defined
Reff = R+ (Ω˜ + iγ˜)ρge, (7)
which, with Ω˜ =
∑
j 6=l Ωjl and γ˜ =
∑
j 6=l γjl, is the total
external electric field (incident plus scattered field from
all the other atoms, given in terms of the Rabi frequency)
driving an arbitrary atom l in the ensemble. Eqs. (6) are
equivalent to the familiar solutions of the independent-
atom optical Bloch equations [Eqs. (28) in Appendix C],
but with the Rabi frequency R replaced by Reff . As ρge
appears on the both sides of Eq. (6a) via Reff , we gener-
ally have multiple solutions. For two different coexisting
stable solutions, we have optical bistability.
We can eliminate from Eqs. (6a) and Eq. (7) the atomic
variables and obtain an equation for the incident light
field R = R(Reff). The bistability threshold is then
found when d|R|2/d|Reff |2 = 0. This gives a cubic poly-
nomial for |Reff |2 [see Eq. (30) in Appendix D] in terms
of γ, ∆, Ω˜, and γ˜. Simple analytic expressions for the
optical bistability threshold can then be obtained for
∆/γ = Ω˜/γ˜, yielding γ˜ > 8γ, and for ∆/γ = −γ˜/Ω˜,
yielding Ω˜2 > 27γ2. Below these values, there is no bista-
bility for any intensity. We can also obtain analytic forms
for the bistable solutions of the external field Reff acting
on an atom, for Ω˜, γ˜  ∆2,
Reff = R
C
1
1 +
√
1− 2punsat/|C|2
, (8a)
Reff = R
2
1− 2iIm[C]
punsat
+
√
1− 4Re[C]
punsat
−
(
2Im[C]
punsat
)2 ,
(8b)
where we have defined the single-atom excited state oc-
cupation for unsaturated drive, punsat = |R|2/(∆2 + γ2),
and the cooperativity parameter,
C =
1
2
Ω˜ + iγ˜
∆ + iγ
. (9)
The two solutions represent very different responses to
the incident light. The first “cooperative” solution,
Eq. (8a) (in an analogy with the terminology of optical
bistability in cavities [41]), exists for punsat < |C|2/2 and
arises due to the atoms behaving collectively, creating a
field that counteracts the incident light and resulting in
the atoms absorbing strongly, with enhanced absorption
for larger atom density. The second “single-particle” so-
lution, Eq. (8b), exists when punsat > 2(|C| + Re[C]),
and arises when the atoms react to the incident light
almost independently, with R ≈ Reff when |R| → ∞.
The atoms now saturate and absorption is weak, with
the medium becoming transparent.
The simplest system exhibiting collective interactions
is that of two atoms (Ω˜ = Ω12, γ˜ = γ12). In this case,
we can satisfy Ω˜2 > 27γ2 for closely spaced atoms for
∆/γ = −γ˜/Ω˜. Approximating the resonant dipole-dipole
coupling by Ω12 ∼ 1/(ka)3, where a denotes the atom
separation, results in the bistability threshold of roughly
ka . 1, with the precise value depending on the orienta-
tion of the dipoles (see Appendix E).
Analytic expressions can be obtained for atomic chains
and arrays for ∆/γ = Ω˜/γ˜, where the bistability thresh-
old is independent of Ω˜. For an infinite 1D chain, we
can sum the series of dissipative dipole-dipole interaction
terms over the atoms to obtain the collective resonance
linewidth
γ˜1D =
∑
j 6=l
γjl =
3γpi
4ka
[
(rˆ · eˆ)2 + 1]− γ, (10)
where rˆ indicates the atomic chain orientation. The
bistability threshold γ˜ > 8γ is met when ka < pi/6 (a .
0.08λ) or ka < pi/12 (a . 0.04λ) for dipoles parallel and
perpendicular to the chain, respectively. For an infinite
2D array, with a uniform distribution of atomic dipoles
in the plane, we obtain [60] (see also Ref. [61]) for the col-
lective linewidth γ˜2D/γ = 3pi/(ka)
2 − 1, which allows for
larger lattice spacings, ka < (pi/3)1/2 (a . 0.16λ), for the
bistability threshold than a 1D chain. For dipoles normal
to the plane, γ˜ = −γ, and so γ˜ 6> 8γ and bistability is
not possible.
The analogy between the optical bistability in atom ar-
rays and in cavities [39–43, 45–47] can now be most eas-
ily illustrated, and our adapted terminology motivated,
at the specific value of ∆/γ = Ω˜/γ˜ for which C = γ˜/2γ
in Eq. (9) is real. The expression for the incident light
field [Eq. (29) in Appendix D] then has a similar form as
that in cavity systems, with the same formulaic depen-
dence on the cooperativity parameter in atom arrays as
that for optical bistability in cavities [41]. In cavity QED,
5the cooperativity parameter represents recurrent interac-
tions of an atom with light reflecting between the cavity
mirrors. In atom arrays for ∆/γ = Ω˜/γ˜, the bistability
condition C & 4 then translates to the density threshold
ka ∼ 1 – equivalent to the requirement for the existence
of substantial recurrent and correlated light scattering,
where the light is scattered more than once by the same
atom [37, 62, 63]. Moreover, as γ˜ in atom arrays takes
the role of the atom-cavity coupling coefficient, the con-
dition C & 1 then also corresponds to the strong coupling
regime of cavity QED.
Numerical solutions of the phase diagram in a planar
array agree well with the analytic result of the optical
bistability ka < (pi/3)1/2 for the uniform phases when
driving the superradiant eigenmode, and for ka & 0.44pi,
only one phase persists and no phase transitions occur.
When specifically targeting the subradiant eigenmode by
using alternating checkerboard-patterned level shifts, op-
tical bistability can only be predicted by numerically
solving the equations of motion [specifically Eqs. (24) in
Appendix C], with a much smaller spacing ka . 0.34pi
needed for the optical bistability and phase transitions to
occur. Bistability also occurs at lower intensities, with
bistability in the range 0.07 . I/Isat . 190 when driving
the subradiant mode compared to 2 . I/Isat . 406 when
driving the superradiant eigenmode.
C. Uniform level shifts: Mean-field phases and
optical signatures
So far we have studied the coupling of light in the limit
of LLI and the emergence of optical bistability for a uni-
form atom array. Next we determine the entire phase
diagram of atoms coupled by light-mediated interactions
beyond the LLI regime by finding the steady-state so-
lutions of Eqs. (3) for ka = 0.2pi. In general, we find
the system can exhibit spatially uniform phases, anti-
ferromagnetic (AFM) phases and persistent oscillations
(OSC), as well as different optical bistabilities. Transi-
tions between different phases can result in small dips in
the OD, and lead to large peaks in the ICR. Phase bista-
bilities can result in large jumps in the OD and ICR, as
well as hysteresis upon varying the laser frequency.
We first consider the case where the atomic level shifts
are all equal; Fig. 1(a). Beyond the obvious phases rep-
resenting uniform low and high excitation numbers, la-
belled U1 and U2 [the q = 0 case of Eq. (25) in Appendix
C], respectively, we interestingly also find stable phases
with spontaneously broken translational symmetries and
regions of two coexisting stable phases. The coherent
and incoherent optical responses, OD and ICR, from the
mean-field analysis are shown in Fig. 4.
While the uniform phases U1 and U2 vary smoothly
into one another [white regions of Fig. 1(a)], there also
exists a U1/U2 bistability due to two possible values of
ρee, where the state of the system depends on the initial
condition (dark blue region). This bistability region is
Figure 3. (a) The maximum and minimum intensities of the
bistability region for a driven superradiant mode. Both de-
crease with increasing lattice spacing, with bistability lost for
a & 0.16λ which agrees well with our analytic estimate. (b)
The region of bistability [from Eq. (29) in Appendix D] as a
function of incident intensity and detuning (solid blue line)
for a = 0.1λ; (c) |Reff |2/γ2 as a function of incident intensity
for ∆/γ = γ˜/Ω˜ [indicated by the blue dashed line in (b)]. In
between the lower and upper intensity thresholds, 3 solutions
emerge. The lower (upper) dashed black curve shows the co-
operative (single-atom) solution, Eq. (8a) [Eq. (8b)]. In (b,c),
the red-dotted and orange-dot-dashed lines show the approx-
imate intensity thresholds [given by Eq. (31) in Appendix
D], with the analytic estimate for the single-atom solution
Eq. (8b), vanishing at the red-dotted line. In (c), the black-
dotted line shows the intensity where the analytic estimate
for the cooperative solution Eq. (8a) vanishes.
largely well described by our earlier analytics and con-
tours in Fig. 3 [derived from Eq. (29) in Appendix D].
However, differences occur due to one of the uniform
phases becoming unstable at positive detunings. The
broad resonances of U1,2 for I/Isat = 100 in Fig. 4 cor-
respond to the underlying superradiant LLI uniform ex-
citation eigenmode [Eq. (20) in Appendix B]. For the
U1/U2 bistability at I/Isat = 200, we find hysteretic be-
haviour upon sweeping the resonance from either red- or
blue-detuned side. This demonstrates how crossing a re-
gion of bistability results in a large jump in both the OD
and ICR, with the jump point depending on the initial
condition.
Despite the uniformly excited atoms, stable phases
with spontaneously broken translational symmetries
emerge with the atomic dipoles oscillating pi out of phase
in the neighbouring sites [red regions in Fig. 1(a)]. These
AFM phases appear at detunings resonant with the LLI
excitation eigenmodes u±,cb [Eqs. (21) and Eq. (22)
in Appendix B], and have the same underlying spatial
variation, with a striped AFM± phase originating at
6∆ = 4.65γ and a checkerboard AFMcb phase originating
at ∆ = 10.8γ. The AFM phases materialise as nonlin-
ear interactions between the atoms allow small fluctua-
tions to populate the spatially nonuniform modes in the
system, causing phase instabilities. Two narrow peaks
for I/Isat = 100 in Fig. 4 in the ICR at ∆ = 3.8γ and
8.7γ signal spontaneous symmetry breaking and a phase
transitioning from U1 to the AFM± and AFMcb, respec-
tively. No clear signature of this transition can be seen
in the OD. We find that the AFM phase is bistable with
the U1 phase [yellow regions of Fig. 1(a)]. Switching off
the incident drive, the uniform phase decays superradi-
antly, and the AFM phase decays subradiantly. There-
fore, AFMcb/U1 bistability represents an interesting sit-
uation where either a superradiant or subradiant phase
can be populated depending on the initial condition. The
hysteresis associated with the bistability could be utilised
as a novel method for preparing subradiant excitations,
when a steady-state superradiant mode is transformed
into a subradiant one by a laser frequency sweep.
The AFM phases also can become unstable (via Hopf
bifurcations) resulting in a phase where the atoms con-
tinue to oscillate indefinitely, denoted OSC. Such phases
appear as additional peaks at I/Isat = 100 and I/Isat =
200. Due to oscillations in the OSC phase, the signal is
noisy as the stationary state is no longer well defined.
There are also regions of OSC and U1 bistability. For
the OSC/U1 bistability at I/Isat = 100, clear hystere-
sis can be seen in the ICR, but hysteresis in the OD is
very small. This is due to the alternating out-of-phase
dipoles, which, when summed together to calculate the
OD, nearly cancel. The ICR always shows clear peaks
and hysteresis as it depends on the excitation strength
and not the phase. There are small regions (not marked)
near this OSC/U1 bistable region where a new phase
emerges which is neither spatially uniform or AFM in na-
ture, where two dipoles are out of phase to one another,
and the two remaining ones in phase with one other.
D. Uniform level shifts: Quantum fluctuations
In the full quantum theory, there is no bistable be-
haviour or phase transitions. While generally at high in-
tensities the mean-field and quantum results are in closer
agreement [20] as the atoms start to scatter more, at in-
termediate intensities we find in Fig. 4 considerable devi-
ations where the mean-field solutions display bistability.
In the full quantum description, due to quantum corre-
lations between different atoms, the ICR no longer rep-
resents the excited level population as in the single-atom
quantum description that we use to analyse the mean-
field dynamics. However, the ICR still shows a resonance
near the detunings where mean-field AFM transitions oc-
cur.
It is generally known from past bistability studies [44–
46, 50, 54, 64] that mean-field bistabilities coincide with
enhanced quantum fluctuations, which can be under-
Figure 4. Signatures of phase transitions in the observables of
an array of strongly coupled atoms with uniform level shifts.
(a,b) OD, (c,d) ICR and (e,f) number of excitations as a func-
tion of detuning for I/Isat = 100 and I/Isat = 200. We show
hysteresis curves for a negative detuning sweep (red) and pos-
itive detuning sweep (blue), with arrows showing the sweep
direction. The insets highlight key features on their respec-
tive plot. Note we do not show the hysteresis curves for the
excitations for clarity. The coloured bars indicate the phases
that appear, with the same colouring as used in Fig. 1(a)
stood as tunnelling between the two mean-field solu-
tions. The corresponding quantum distribution is then
bimodal. The calculated incoherently scattered photon
number fluctuations IoDn = (〈nˆ2〉 − 〈nˆ〉2)/〈nˆ〉, where nˆ
is the operator form of Eq. (5) with all the light collected
over a closed surface, however, shows no signatures of
enhanced fluctuations [Fig. 5(b)] but we find that the
fluctuations of the electronic excitations [Fig. 5(a)],
IoDee =
∑
i,j
(〈σˆeei σˆeej 〉 − 〈σˆeei 〉〈σˆeej 〉)∑
i〈σˆeei 〉
, (11)
are strongly enhanced around the U1/U2 and AFMcb/U1
phase bistabilities. This corresponds to large variations
in the excitation strength between the different mean-
field solutions, and could be detected by resonantly trans-
ferring excited atoms to another level.
E. Alternating level shifts: Mean-field phases and
optical signatures
By engineering a checkerboard pattern of alternating
atomic level shifts, detailed earlier in the discussion of
7Figure 5. Quantum theory of incoherently scattered light.
Fluctuations of (a,c) scattered photon number (b,d) excited
level population with mean-field stability contours (black
lines) and mean-field bistability contours (thick black lines)
for (a,b) uniform and (c,d) alternating level shift profiles.
Fluctuations in excited level population, but not in photon
number, are enhanced in regions of mean-field bistability.
the LLI modes, we are able to drive collective excita-
tions where the atoms oscillate pi out-of-phase with re-
spect to their nearest-neighbour, and whose LLI limit
represents subradiant checkerboard eigenmode [Eq. (22)
in Appendix B] existing outside the light cone. We now
analyse how this influences the phase diagram beyond the
LLI limit. The alternating level shifts explicitly break the
translational symmetry of the lattice. The spatially uni-
form phases U1,2 of Fig. 1(a) now transform to checker-
board AFMcb phases in Fig. 1(b), but can still be dis-
tinguished as having low and high excitations, labelled
AFM1 and AFM2. AFM phases no longer occur in pairs
as the level shifts favour one AFM configuration over the
other. The coherent and incoherent optical responses,
OD and ICR, from the mean-field analysis are shown in
Fig. 6. One key difference from the uniform level shifts
is that the bistability now occurs at lower intensities,
as discussed earlier when analysing the bistability ana-
lytics. No bistability is found for I/Isat = 200, so in-
stead we look at I/Isat = 180. Deviations from the LLI
model and the emergence of nonlinear response depend
on the linewidth of the corresponding LLI eigenmode,
with subradiant modes being more sensitive at lower in-
tensities than superradiant ones [65]. Therefore, for non-
uniform level shifts, the intensities at which non-trivial
phases emerge are lower due to the checkerboard subra-
diant mode [Eq. (22) in Appendix B] being populated.
There is still a region of OSC phase and also a small re-
gion of AFM1/OSC bistability, indicated by several cor-
responding peaks in the ICR (and also a dip in the OD
for I/Isat = 180). There are a few cases where the OSC
Figure 6. Signatures of phase transitions in the observables of
an array of strongly coupled atoms with alternate level shifts.
(a,b) OD, (c,d) ICR and (e,f) number of excitations as a func-
tion of detuning for I/Isat = 100 and I/Isat = 180. We show
hysteresis curves for a negative detuning sweep (red) and pos-
itive detuning sweep (blue), with arrows showing the sweep
direction. The insets highlight key features on their respec-
tive plot. Note we do not show the hysteresis curves for the
excitations for clarity. The coloured bars indicate the phases
that appear, with the same colouring as used in Fig. 1(b)
phase becomes unstable and only the AFM1 phase per-
sists, which are not marked. Subradiant excitations in
the limit of LLI lead to narrow Fano resonances when
interfering with broader-resonance modes, as shown in
Fig. 2. Some of these transform to bistable regions, such
as AFM1/AFM2, which again displays large jumps and
hysteresis upon sweeping the detuning.
Finally, there are regions (green) where phases emerge
that are not spatially uniform or AFM in nature (labelled
BD1,2), and are bistable with an AFM phase. For the
BD1 (BD2) phase, the atoms along xˆ + yˆ are in-phase
(out-of-phase), while the atoms along xˆ − yˆ are out-of-
phase (in-phase). Small regions of the BD2 phase were
found for the uniform shift case. Within the AFM/BD2
bistability region, the BD2 phase can become unstable
and only the AFM phase remains. BD1,2 phases occur
because of the striped subradiant modes [Eqs. (21) in
Appendix B], which have a spatial variation that does not
match with the level shift profile, but are populated by
nonlinear interactions even though they do not couple to
the drive. There is a small peak in the ICR at ∆ = 0.9γ
in Fig. 1(b) for the AFM1 to BD1 transition, which is
similar to the U1 to AFM± transition peak of Fig. 1(a).
8F. Alternating level shifts: Quantum fluctuations
The effects of the quantum treatment are similar to
those found for uniform level shifts. The quantum sys-
tem now always exhibits an AFM phase as the alternating
level shifts explicitly break the translational symmetry.
The ICR for the quantum model shows peaks around
the mean-field phase transitions and we again find en-
hanced fluctuations in the excitation number around re-
gions of bistability, but not in the photon number; Fig. 5.
The enhanced fluctuations appear to agree much better
with the mean-field contours, especially around the res-
onance of the checkerboard mode. Interestingly, there is
a large decrease in fluctuations around the resonance of
the checkerboard subradiant mode.
IV. DISCUSSION
In the limit of LLI, two-level atoms respond to light as
linear classical oscillators [66]. Although atom-by-atom
simulations of such systems, especially in large randomly-
distributed ensembles with light-induced positions corre-
lations between the atoms, can be demanding on numeri-
cal resources [62], the number of equations scales linearly
with the atom number. Finding full quantum solutions
in large systems, however, becomes quickly prohibitively
challenging as the size of the density matrix in Eq. (1)
scales exponentially with the atom number ∼ 22N . In
this paper, we have approximated the quantum dynam-
ics of a large array by subjecting it to periodic boundary
conditions and varying parameters of only four atoms.
This approach, however, provides a useful comparison
with the corresponding mean-field dynamics of Eqs. (3)
by unambiguously identifying quantum effects in the dif-
ferences between the responses of the two cases.
While identifying light-established quantum correla-
tions is interesting on its own right, this leads to practical
implications as the number of equations in the mean-
field dynamics scales linearly with the atom number.
Determining the limits of validity of mean-field models
can therefore provide a range of useful computational
tools for the appropriate regimes. There is also a more
philosophical point of view: As experiments with pris-
tine quantum control of small atomic systems with gen-
uine multimode dynamics are improving, the interface
between quantum mechanics and classical physics, and
the transition to classical physics due to decoherence or
quantum stochastic nonlinear phenomena, is becoming
ever more relevant in many-body systems. When a clas-
sical system exhibits the most dramatic consequences
of nonlinearity, such as phase transitions or bistability,
also the most recognisable differences between the quan-
tum and classical theories arise. Instability in a classical
phase transition represents exponentially growing devia-
tions from the unstable solution to a new stable one, and
bistability the simultaneous existence of two stable solu-
tions. Quantum mechanics typically cannot favour either
of the corresponding solutions, the dynamics are deter-
mined by the initial conditions and the evolution can also
emerge as a superposition state, resulting in an enhanced
fluctuations of measurement observables, as those iden-
tified in our study.
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Appendix A MODEL FOR LIGHT-ATOM
COUPLING
We express the electrodynamics in the length gauge,
obtained by the Power-Zienau-Wooley transformation
[67], such that E±(r) = D±F (r)/0 correspond to the pos-
itive and negative frequency components of the electric
displacement in free space. The many-body quantum
master Eq. (1) is then expressed in the rotating-wave
approximation in terms of slowly varying field ampli-
tudes and atomic variables, where E+eiωt → E+ and
σˆ−l e
iωt → σˆ−l . The dipole-dipole interaction term is given
by the real and imaginary part of the dipole radiation
kernel,
1
~0
deg · [G(rj − rl)dge] = Ωjl + iγjl, (12)
where γjj = γ is the single-atom linewidth. The dipole
radiation kernel acting on a dipole located at the origin
yields the familiar dipole radiation expression [56]
G(r)d = −dδ(r)
3
+
k3
4pi
{
(rˆ× d)× rˆe
ikr
kr
− [3rˆ (rˆ · d)− d]
[
i
(kr)2
− 1
(kr)3
]
eikr
}
,
(13)
with r = |r|, rˆ = r/r.
For the observables, such as transmitted light intensity
or the photon count rate, the electric field product can
be expanded in terms of incident and scattered fields to
give
〈Eˆ−(r)Eˆ+(r′)〉 = E−(r)E+(r′) + E−(r)〈Eˆ+s (r′)〉+
〈Eˆ−s (r)〉E+(r′) + 〈Eˆ−s (r)〉〈Eˆ+s (r′)〉+ 〈δEˆ−s (r)δEˆ+s (r′)〉,
(14)
where Eˆ−Eˆ+ is the dyadic product with elements EαE∗β ,
with α and β denoting the vector components. The first
term in Eq. (14) gives the incident intensity, while the
next three terms are the coherent scattered light, which
remain even in the absence of quantum fluctuations.
The last term, 〈δEˆ−s (r)δEˆ+s (r′)〉 = 〈Eˆ−s (r)Eˆ+s (r′)〉 −
9〈Eˆ−s (r)〉〈Eˆ+s (r′)〉, is the incoherent scattering, which is
light scattered by disorder and quantum fluctuations.
Because we consider atoms at fixed positions, the inco-
herent scattering is determined purely by quantum cor-
relations. We measure the incoherent scattering from the
ICR, obtained by substituting 〈δEˆ−s (r)δEˆ+s (r′)〉 into the
photon count rate expression, Eq. (5), which gives
ninc =
20c
~ω0
N∑
l,m
(〈σˆ+l σˆ−m〉 − 〈σˆ+l 〉〈σˆ−m〉)×∫
[G(r− rl)dge] · [G(r− rm)dge]∗dS.
(15)
The ICR that we will use under the mean-field descrip-
tion reads [20]
ninc =
20c
~ω0
N∑
l
(〈σˆeel 〉 − |〈σˆ−l 〉|2) ∫ |G(r− rl)dge|2dS.
(16)
As noted in the main text, this expression differs from the
usual semiclassical description of the incoherent scatter-
ing [57] (which would vanish for fixed atomic positions)
due to the inclusion of 〈σˆeel 〉 terms. When calculating
the photon count-rate, we integrate the field over a solid
angle with NA = sin θ = 0.24, except when looking at
photon fluctuations in Fig. 5, where we integrate over a
closed surface.
Coherently transmitted light through a finite array can
be approximated at a point (0, 0, ξ) from the centre of the
array from [61, 63, 68, 69]
Eˆ+j (r) = E0eˆeikξ +
2ik
A0
∑
l
[dge − (zˆ · dge)zˆ]eik(ξ−zl)σˆj ,
(17)
when λ . ξ  √A, where A is the total area of the
array and l is summed over all images of the atom j that
are included due to the periodic boundary conditions.
The total coherent field is then Eˆ+(r) =
∑4
j Eˆ
+
j (r). We
have found numerically this approximation works well.
Appendix B COLLECTIVE LOW LIGHT
INTENSITY EIGENMODES
In the limit of LLI, the coupled-dipole model or the
classical linear oscillator model becomes exact for the
two-level atoms [37, 66]. In the periodic lattice system,
the LLI collective excitation eigenmodes are obtained by
diagonalizing Eq. (12), and are the Bloch waves
v(+)q (rl) = Aq cos(q · rl), (18)
v(−)q (rl) = Aq sin(q · rl), (19)
where Aq =
√
2/N except for Aq=0,(pi/a,pi/a) =
1/
√
N . The wavevectors q have components qx/y =
2pimx/y/Nx/ya, where mx/y = 0, 1, .. to Nx/y/2 or
(Nx/y − 1)/2 for an even or odd number of sites respec-
tively, and Nx/y is the number of sites along the x/y
direction. The corresponding eigenvalues, δq + iυq, rep-
resent the collective line shifts (from the resonance of an
isolated atom) δq and linewidths υq.
In our system there are four relevant LLI eigenmodes:
the spatially uniform mode,
vun(rl) ≡ v(+)q=0(rl) =
1
2
, (20)
the spatially nonuniform modes with striped phase vari-
ation along xˆ± yˆ,
v±(rl) ≡ v(−)q=(pi/2a,±pi/2a)(rl) =
1√
2
sin
[( pi
2a
,± pi
2a
)
· rl
]
,
(21)
and a checkerboard phase variation,
vcb(rl) ≡ v(+)q=(pi/a,pi/a)(rl) =
1
2
cos
[(pi
a
,
pi
a
)
· rl
]
. (22)
To simulate an infinite system, we use periodic boundary
conditions by adding repeat images of the system to the
boundaries. We truncate to 101 images along the xˆ and
yˆ direction, which gives an effective lattice size of 406×
406. Numerically, the linewidths are given by υuni = 25γ,
υ+ = 0.09γ, υ− = 0.08γ, and υcb = 2 × 10−4γ. Due to
our image truncation, the two striped modes υ± are not
degenerate and all 3 subradiant modes have a nonzero
linewidth. The population of the eigenmodes [Fig. 2(b)]
is calculated using the occupation measure defined by [70]
Lα =
∣∣∣∑Nl vα(rl)ρ(l)ge ∣∣∣2∑
β
∣∣∣∑Nl vβ(rl)ρ(l)ge ∣∣∣2 , α, β = un,±, cb. (23)
Appendix C BIPARTITE ANSATZ
Most of the steady-state solutions to Eqs. (3) are ob-
tainable using a bipartite lattice ansatz, where the 4 in-
dependent atoms are divided into 2 sites, labelled A and
B. For spatially uniform level shifts, two divisions of the
lattice can be chosen: sites A and B can lie along the xˆ+yˆ
and xˆ−yˆ directions, respectively, forming a checkerboard
variation, or both A and B sites lie along the xˆ (yˆ) direc-
tion, alternating with respect to each other in the yˆ (xˆ)
direction, forming a striped variation. For the nonuni-
form checkerboard level shift profile, the A and B sites
must lie along the xˆ+yˆ and xˆ−yˆ directions, respectively,
due to the spatial variation of the level shifts.
The steady-state solutions to Eqs. (3) under the bipar-
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tite ansatz obey(
i∆A/B − γ
)
ρA/Bge − i(2ρA/Bee − 1)RA/B − i(2ρA/Bee − 1)×[
(ΩAA + iγAA)ρ
A/B
ge + (ΩAB + iγAB)ρ
B/A
ge
]
= 0,
(24a)
− 2γρA/Bee + 2Im[R∗A/BρA/Bge ]− 2γAA|ρA/Bge |2−
2Im
[
(ΩAB − iγAB)ρA/Bge (ρB/Age )∗
]
= 0,
(24b)
where the subscript A/B denotes the lattice site group
and we have made use of the symmetry under A ↔ B.
The stability of the multiple solutions of Eqs. (24) is
studied using linear stability analysis and the results are
checked by integrating Eqs. (3) for N = 4 atoms. Addi-
tionally, we also simulate the dynamics of all 4 atoms to
find the remaining phases that lie outside the bipartite
ansatz.
For a general form Rl = Reiq·rl , where q is the
wavevector of the drive, a solution to Eqs. (24), and in
general, Eqs. (3), is given by ρ
(l)
ge = ρgee
iq·rl , with
ρge =
iR(2ρee − 1)
i
[
∆− (2ρee − 1)Ω˜(q)
]
− [γ − (2ρee − 1)γ˜(q)]
,
(25)
where
Ω˜(q) =
∑
j 6=l
Ωjle
iq·rj , γ˜(q) =
∑
j 6=l
γjle
iq·rj , (26)
are the Fourier transforms of the real and imaginary parts
of the dipole kernel, Eq. (13), respectively (excluding the
self-interaction j = l). The number of excitations ρee
obeys the following cubic equation[
γ˜(q)2 + Ω˜(q)2
]
(2ρee − 1)3+[
γ˜(q)2 + Ω˜(q)2 − 2∆Ω˜(q)− 2γγ˜(q)](2ρee − 1)2+[
∆2 + γ2 + 2|R|2 − 2∆Ω˜(q)− 2γγ˜(q)](2ρee − 1)+(
∆2 + γ2
)
= 0.
(27)
We use the solutions to Eq. (27) and Eq. (25) to describe
the spatially uniform solutions and their bistability in the
phase diagram with uniform level shifts. In the absence
of incident light, Eq. (27) admits only one real solution
of ρee = 0. For large intensities, the interaction terms in
Eq. (27) become negligible and the coherence and num-
ber of excitations become identical to the noninteract-
ing solutions to the optical Bloch equations with familiar
power-broadened linewidths
ρge = R −∆ + iγ
∆2 + γ2(1 + I/Isat)
, (28a)
ρee =
I
2Isat
γ2
∆2 + γ2(1 + I/Isat)
, (28b)
where we have used 2|R|2/γ2 = I/Isat.
Appendix D BISTABILITY THRESHOLD
The regimes of bistability between the spatially uni-
form phases can be predicted analytically for certain de-
tunings. Without the loss of generality in the derivation,
we can set in the following q = 0 for the drive. Substi-
tuting ρ
(l)
ge = ρge and ρ
(l)
ee = ρee into Eqs. (3) gives the
steady-state solutions Eqs. (6) that are equivalent to the
solutions of the optical Bloch equations, Eqs. (28), but
with the Rabi frequency R replaced by the total exter-
nal electric field on an atom (the incident field plus the
scattered light from all the other atoms) in the array,
Reff [Eq. (7)]. By substituting Eq. (6a) into Eq. (7), we
obtain
R = Reff +Reff 2C(∆
2 + γ2)
∆2 + γ2 + 2|Reff |2 , (29)
where C is given by Eq. (9) for Ω˜ ≡ Ω˜(0) and γ˜ ≡ γ˜(0).
Eq. (29) is also valid for a general plane-wave Rabi drive
(q 6= 0) if 0→ q and ρge → ρgeeiq·rj in Eq. (7). Analytic
solutions to Eq. (29) can be found by either ignoring the
single Reff term, or the ∆2 +γ2 term in the denominator,
which gives the cooperative [Eq. (8a)] and single-atom
[Eq. (8b)] solutions in the main text, respectively. It is
worth noting that for real C, Eq. (29) has similar form
as equations determining bistability in cavities [41], as
discussed in the main text.
The threshold of bistability is determined by taking
the modulus-squared of Eq. (29) (and using I/Isat =
2|R/γ|2) and then finding the values of |Reff |2 that min-
imise I/Isat, resulting in a cubic equation,
4|Reff |2
(
η2 + 2|Reff |2
) (
η2 + 2|Reff |2 + α
)
+
(
η2 − 2|Reff |2
) [
β2 +
(
η2 + 2|Reff |2 + α
)2]
= 0,
(30)
where η2 = γ2+∆2 and α+iβ = 2(∆2+γ2)C. Bistability
occurs when two positive real solutions to Eq. (30) are
found. When ∆/γ = Ω˜/γ˜, β = 0, and the bistability
threshold is γ˜ > 8γ, while for ∆/γ = −γ˜/Ω˜, α = 0, and
the threshold is Ω˜2 > 27γ2. Below these values, there is
no bistability for any intensity at the respective detuning.
In the limit that Ω˜, γ˜  ∆2 + γ2, the intensity range
for bistability is approximately given by
2
γ2
(
α±
√
α2 + β2
)
<
I
Isat
<
[(
2∆2 + 2γ2 + α
)2
+ β2
]
4γ2(∆2 + γ2)
,
(31)
where the sign of the square root is chosen such that
I/Isat is always positive. For ∆/γ = Ω˜/γ˜, this gives an
intensity range of
(1 + χ)
2γ˜
γ
G˜2
γ˜2
<
I
Isat
<
G˜2
γ˜2
(
1 + χ
γ˜
γ
+
γ˜2
4γ2
)
, (32)
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Figure 7. Bistability of two atoms separated by 0.1λ with the
dipoles parallel to the separation axis. (a) The region of bista-
bility as a function of incident intensity and detuning as the
solution to Eq. (29) (solid blue line); (b) |Reff/γ|2 as a func-
tion of incident intensity for ∆/γ = −Ω12/γ12 [indicated by
the blue dashed line in (a)]. In between the lower and upper
intensity thresholds, 3 solutions emerge. In both plots, the
red (dotted) and orange (dot-dashed) lines show the intensity
approximation given in Eq. (31).
where G˜2 = Ω˜2 + γ˜2 and χ = 1, while for ∆/γ = −γ˜/Ω˜,
we have Eq. (32) with the following interchange of pa-
rameters: γ˜ ↔ Ω˜ and χ = 0.
Appendix E TWO-ATOM BISTABILITY
For two atoms, Ω˜+iγ˜ = Ω12 +iγ12. Bistability is never
possible for ∆/γ = Ω12/γ12 as γ12 → γ in the limit of
close atom spacings, so γ12 ≯ 8γ. For ∆/γ = −γ12/Ω12,
the threshold is Ω212 > 27γ
2, and for close spacing
Ω12 ∼ 1/(ka)3, such that ka . 1 is generally needed
for bistability to emerge. Numerically, we find a . 0.15λ
and a . 0.10λ for atoms polarised parallel or perpendic-
ular to the atomic axis, respectively. In Fig. 7(a), we plot
the region of bistability for two atoms showing the inten-
sity limits predicted by Eq. (31). Figure 7(b) shows the
variation of Reff/γ with I/Isat, explicitly showing the ex-
pected bistability curve when multiple solutions emerge.
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